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Boson-sampling has attracted much interest as a simplified approach to implementing a subset
of optical quantum computing. Boson-sampling requires indistinguishable photons, but far fewer
of them than universal optical quantum computing architectures. In reality, photons are never
indistinguishable, and exhibit a rich spectral structure. Here we consider the operation of boson-
sampling with photons of arbitrary spectral structure and relate the sampling statistics of the device
to matrix permanents. This sheds light on the computational complexity of different regimes of the
photons’ spectral characteristics, and provides very general results for the operation of linear optics
interferometers in the presence of partially distinguishable photons. Our results apply to both the
cases of spectrally resolving and non-spectrally resolving detectors.
I. INTRODUCTION
Linear optics interferometry has widespread uses in op-
tical quantum computing [1–3], quantum metrology, and
quantum cryptography. In particular, passive linear op-
tics interferometry is the basis of the recent field of boson-
sampling [4], where a series of single photons are evolved
via linear optics and subsequently sampled using coinci-
dence photodetection, a problem which has been shown
to be classically intractable.
Such interferometry typically requires indistinguish-
able photonic states, such that generalized Hong-Ou-
Mandel (HOM) [5, 6] interference takes place. In boson-
sampling, it was found that the amplitudes in the system
are related to matrix permanents. On the other hand, de
Guise et al. [7] and Tillmann et al. [8] showed that lin-
ear optics networks with time delays relates to matrix
immanents.
Here we generalize the boson-sampling model to the
situation where the photons have arbitrary spectral
structure [9] and show how the sampling probabilities
relate to functions of matrix permanents. This sheds
light on the question ‘how does the spectral structure of
photons relate to their computational complexity?’. Our
results reconfirm the expectation that indistinguishable
photonic systems should reduce to ideal boson-sampling,
which is computationally complex, whereas distinguish-
able photons are computationally trivial. Our results pro-
vide general expressions for the behavior of such systems
in the intermediate regimes with arbitrary, non-identical
spectral structures. We consider both spectrally resolved
and the more realistic non-spectrally resolved detectors.
As an elementary demonstration of the techniques, we
reproduce HOM interference in both detector regimes.
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II. BOSON-SAMPLING
In the boson-sampling model, we begin by preparing n
single photons in m modes,
|ψin〉 = aˆ†1 . . . aˆ†n|01, . . . , 0m〉
=
n∏
i=1
aˆ†i |~0〉, (1)
where aˆ†i is the photonic creation operator on the ith
mode. This state is evolved via passive linear optics (i.e
beamsplitters and phase-shifters), which implements the
unitary transformation,
Uˆ aˆ†i Uˆ
† →
m∑
j=1
Ui,j aˆ
†
j . (2)
The output state of the system is of the form,
|ψout〉 =
∑
S
γS |S1, . . . , Sm〉, (3)
where S are the photon number configurations and Si is
the number of photons in the ith mode associated with
configuration S. Scheel [10] found that the amplitudes γS
are related to matrix permanents as,
γS =
Per(US,T )√
S1! . . . Sm!T1! . . . Tm!
, (4)
where US,T is an n× n sub-matrix of U as a func-
tion of the input (T ) and output (S) configurations.
US,T is obtained as follows. Let S = {S1, . . . , Sm} and
T = {T1, . . . , Tm}, where Si and Ti are the number of
photons in the ith mode of the respective configuration.
Then we define the n×m submatrix UT by taking Tj
copies of the jth column of U for each j. Then US,T is
obtained by taking Si copies of the ith row of UT for each
i to obtain the n× n submatrix US,T .
The computational complexity of boson-sampling re-
lates to the fact that calculating the permanents of
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2complex-valued matrices is #P-complete, a complexity
class believed to be classically hard to simulate.
The number of modes in a boson-sampling device
scales as m = O(n2). Thus, for large systems we are likely
to never have more that one one photon at a given output
mode. This is the binary regime, whereby every mode
has 0 or 1 photons, and we will make this assumption
throughout to simplify notation.
For an elementary introduction to boson-sampling, see
Gard et al. [11]. And for a complete description, including
the full complexity proof, refer to Aaronson & Arkhipov
[4].
III. SPECTRAL STRUCTURE OF PHOTONS
Photons exhibit rich spectral structure, and a represen-
tation in terms of aˆ† does not characterize this. Instead
we will adopt the mode operator formalism [12], whereby
photons are represented by mode operators of the form,
Aˆ†ψ,j =
∫
ψ(ω)aˆ†j(ω) dω, (5)
where Aˆ†ψ,j creates a photon with spectral distribution
function ψ(ω) in the jth mode, aˆ†(ω) is the photonic
creation operator at frequency ω, and the integral is over
all frequencies. To satisfy normalization, we require,∫
|ψ(ω)|2 dω = 1. (6)
Next, we may choose a discrete orthonormal basis in
which to express ψ(ω),
ψ(ω) =
∑
i
λiξi(ω), (7)
where λ are the coefficients in the decomposition and ξ
are the basis functions. The λ coefficients may be calcu-
lated using,
λi =
∫
ξi(ω)
∗ψ(ω) dω. (8)
In order for ξi to be a valid basis, we require,∫
ξi(ω)
∗ξj(ω) dω = 〈0|AˆξiAˆ†ξj |0〉 = δi,j . (9)
It follows that the mode operators can be expressed as a
decomposition into an orthonormal basis of mode opera-
tors,
Aˆ†ψ,j =
∑
i
λi
∫
ξi(ω)aˆ
†
j(ω) dω
=
∑
i
λiAˆ
†
ξi,j
. (10)
IV. BOSON-SAMPLING WITH ARBITRARY
SPECTRAL STATES
A. Spectrally pure photons
Let the input state to the interferometer be a tensor
product of n photons, each characterized by distinct spec-
tral distribution functions,
|ψin〉 =
n∏
j=1
Aˆ†ψj ,j |~0〉
=
n∏
j=1
∑
i
λi,jAˆ
†
ξi,j
|~0〉, (11)
This may be re-expressed as [13],
|ψin〉 =
∑
v∈V
 n∏
j=1
λvj ,j ·
n∏
j=1
Aˆ†ξvj ,j
 |~0〉, (12)
where V is the set of all vectors of length n with inte-
ger indices spanning the support of the discrete basis,
which we let be N . Each v can be interpreted as a con-
figuration of spectral modes at the input. For example,
v = {1, 1, 2, 3} means that the first and second modes are
in spectral basis function ξ1, the third mode is in ξ2, and
the fourth mode in ξ3. Note that the number of spectral
configurations, |V |, is exponential in n (unless all photons
are indistinguishable, in which case trivially |V | = 1, and
Eq. 12 reduces to the ideal Eq. 1).
Then,
|ψin〉 =
∑
v∈V
χ~ψ(v)
N∏
i=1
∏
j∈T (v,i)
Aˆ†ξi,j |~0〉, (13)
where,
χ~ψ(v) =
n∏
j=1
λvj ,j , (14)
and T (v, i) is the set of spatial modes for spectral
configuration v where the elements of v are i. Here
~ψ = {ψ1, . . . , ψn} denotes the set of spectral distribution
functions of each of the input photons.
Next we apply the linear optics evolution, which trans-
forms the input state to,
|ψout〉 =
∑
v∈V
(
χ~ψ(v)
N∏
i=1
∏
j∈T (v,i)
Uˆ Aˆ†ξi,jUˆ
†
︸ ︷︷ ︸
|T (v,i)| indist. photons
)
|~0〉. (15)
The underbraced component of the equation represents a
set of k = |T (v, i)| indistinguishable photons in spectral
mode ξi, and evolves using the standard permanent rule
3for indistinguishable photons,
|ψout〉 =
∑
v∈V
χ~ψ(v)
N∏
i=1
∑
S
Per
(
US,T (v,i)
) m∏
j=1
(
Aˆ†ξi,j
)Sj |~0〉,
(16)
where S is the set of all allowed output configurations of
k photons, as before. Here US,T (v,i) is a k × k sub-matrix
of U , obtained using the usual linear optics permanent
rule.
B. Spectrally-resolved detectors
Let us first assume that our photodetectors are able
to distinguish the different spectral basis functions. If we
know a priori what the spectral characteristics of the
detector are, we can choose the spectral decomposition
basis correspondingly. Let S(i) be the configuration as-
sociated with the ith spectral mode. If the detector can
project uniquely onto spectral mode ξi then the associ-
ated amplitude is,
γ~ψ(S
(i)) =
∑
v∈V
χ~ψ(v)Per
(
US(i),T (v,i)
)
. (17)
Clearly, if the photons are all indistinguishable (i.e all
photons are described by the same spectral decompo-
sition), then |V | = 1 (when decomposed into an appro-
priate basis) and Eq. 17 reduces to normal permanent
sampling. Otherwise |V | > 1, and we are sampling from
linear combinations of permanents.
Let ~S = {S(1), . . . , S(N)} denote the configuration
across all spectral modes, where again S(i) is the con-
figuration associated with the ith spectral mode. Then
the associated amplitude is,
γ~ψ(
~S) =
∑
v∈V
χ~ψ(v)
N∏
i=1
Per
(
US(i),T (v,i)
)
, (18)
and the respective measurement probability is
P~ψ(
~S) = |γ~ψ(~S)|2.
C. Non-spectrally-resolved detectors
In reality, photodetectors are typically unable to re-
solve an orthonormal basis of spectral functions, with
exception to time-resolved photodetection where the re-
sponse of the detector is much shorter than the length of
the wavepacket, or detectors with narrowband frequency
filtering. Next we will consider the situation where non-
resolving detectors are employed. That is, the detectors
can tell us how many photons arrived, but nothing about
their spectral structure.
Let M be a measurement signature, which is a con-
figuration outcome, irrespective of the spectral modes in
which the photons were measured. They satisfy the con-
straint
∑
i S
(i) = M . Then the probability of that mea-
surement signature is given by summing over all parti-
tions of the measurement signature into signatures within
individual spectral modes,
P (M) =
∑
~S s.t.
∑
i S
(i)=M
P (~S)
=
∑
~S︸︷︷︸
classical
∣∣∣∣∣∑
v∈V
χ~ψ(v)
N∏
i=1
Per
(
US(i),T (v,i)
)
︸ ︷︷ ︸
quantum
∣∣∣∣∣
2
,
(19)
where we sum over all signatures S associated with each
spectral mode, such that the sum of the signatures is the
measurement result M . Eq. 19 is structurally similar to a
permanent of permanents. The first permanent-like func-
tion (the sum over ~S), labeled ‘classical’, is of positive
real-valued elements. This term sums the classically dis-
tinct elements – the different spectral basis functions that
the detector is unable to resolve. The second component,
labeled ‘quantum’, contains the permanents associated
with the sampling of each individual spectral component
associated with the respective ~S.
D. Limiting cases
The λ matrix characterizes the spectral decomposition
across all modes. Two limiting cases are of particular
interest. When all of the photons are indistinguishable,
they all reside in the same spectral mode, and,
λ =

1 0 0 . . .
1 0 0 . . .
1 0 0 . . .
...
...
...
. . .
 . (20)
In this instance our parameters are given by,
• χ({1, 1, 1, . . . }) = 1, otherwise χ(v) = 0.
• T ({1, 1, 1, . . . }, 1) = {1, 2, 3, . . . }.
• S(1) = M , otherwise S(j) = {}
Now Eq. 19 reduces to,
P (M) =
∣∣Per (UM,{1,2,3,... })∣∣2 , (21)
which is the expected boson-sampling result, where the
permanent is of an n× n submatrix of U .
Alternately, when all photons are distinguishable,
there is no overlap between their spectral coefficients and,
λ =

1 0 0 . . .
0 1 0 . . .
0 0 1 . . .
...
...
...
. . .
 . (22)
4Now the parameters are given by,
• χ({1, 2, 3, . . . }) = 1, otherwise χ(v) = 0
• T ({1, 2, 3, . . . }, i) = {i}
• Since all photons are distinguishable and are no
longer permutation symmetric, the allowed signa-
tures ~S are all the permutations of single photons
reaching the respective outputs, giving rise to n!
terms.
Thus,
P (M) =
∑
x∈σn
N∏
i=1
∣∣Per (U{xi},{i})∣∣2 (23)
=
∑
x∈σn
N∏
i=1
∣∣U{xi},{i}∣∣2
= Per
(∣∣UM,{1,2,3,... }∣∣2) ,
where σn are the permutations of n elements over the
modes in the configuration, and the square is element-
wise. Note that the permanent is of a positive, real-
valued matrix (a classical probability distribution), which
is computationally easy to approximate [14]. This is ex-
pected for distinguishable photons, since each photon’s
evolution can be evaluated independently. Intuitively,
this equation tells us that the sampling probabilities are
related to the combinatorics of classical probabilities,
which is expected since none of the photons interfere.
The only difference between the two examples (com-
pletely indistinguishable and completely distinguishable)
is the location of the absolute square. When dealing with
indistinguishable photons the permanent is of quantum
amplitudes, and the permanent is absolute squared to
yield a classical probability, whereas for distinguishable
photons we take the permanent of classical probabilities,
since the photons do not interfere.
In the intermediate regime we will be evaluating a com-
binatoric expression over permanents of matrices varying
in size from 1 to n.
E. Hong-Ou-Mandel interference
The simplest example to consider is HOM interference,
of two photons at a 50/50 beamsplitter, given by the
Hadamard matrix,
U =
1√
2
[
1 1
1 −1
]
. (24)
Let the incident photons be a superposition across two
spectral modes. Then our spectral decomposition matrix
is given by,
λ =
[
1 0
α
√
1− α2
]
, (25)
where 0 ≤ α ≤ 1 characterizes the distinguishability of
the two photons (α = 1 for indistinguishable photons,
and α = 0 for distinguishable photons). Now V is the
set of all length-2 vectors with indices from 1 to 2:
v1 = {1, 1}, v2 = {1, 2}, v3 = {2, 1}, v4 = {2, 2}. This
gives: χ(v1) = α, χ(v2) =
√
1− α2, χ(v3) = χ(v4) = 0.
And, T (v1, 1) = {1, 2}, T (v1, 2) = {}, T (v2, 1) = {1},
T (v2, 2) = {2}.
First let us consider the case where the detector is
spectrally-resolving and can project onto the ξ1 spec-
tral mode. This might be implemented experimentally
using narrowband filtering, if the two spectral basis states
were frequency eigenstates. Let S(1) = {1, 1} be the anti-
bunched signature in the first spectral mode, where both
photons were found at different output ports. Then we
have,
γ(S(1)) = α · Per (U{1,1},{1,1}) = 0, (26)
and we never observe anti-bunching. This is the expected
result for HOM interference using indistinguishable pho-
tons (or partially distinguishable photons with spectral
filtering).
On the other hand, let us consider the case
where the detectors are not spectrally-resolving, and
are ‘blind’ to the spectral structure of the pho-
tons. Then our measurement outcome for the anti-
bunched case is M = {1, 1}, and the allowed parti-
tions of M into individual spectrally-resolved signa-
tures are: S(1) = {1, 0}, S(2) = {0, 1}; or, S(1) = {0, 1},
S(2) = {1, 0}; or, S(1) = {1, 1}, S(2) = {0, 0}. It is then
easily seen that,
P (M) = P ({1, 0}, {0, 1})
+ P ({0, 1}, {1, 0})
+ P ({1, 1}, {0, 0}) (27)
=
1− α2
4
+
1− α2
4
+ 0
=
1− α2
2
, (28)
which is the expected result for HOM interference when
photons are mismatched and there is no filtering. Specif-
ically, when the photons are indistinguishable, α = 1,
P (M) = 0 and we never observe coincidence events.
Whereas for distinguishable photons, α = 0, P (M) = 1/2
and the photons behave as classical particles.
F. Spectrally mixed photons
Thus far, we have considered boson-sampling where
each input photon has distinct spectral structure, but all
photons are assumed to be spectrally pure. In many real-
world experiments, photons are often spectrally mixed.
For example, if photons are prepared via heralded spon-
taneous parametric down-conversion, then spectral cor-
relations between the signal and idler photons may yield
5mixing in the spectral degree of freedom, depending on
the spectral characteristics of the heralding photodetec-
tor.
Let each input photon be an arbitrary mixture of q
different spectral states,
ρˆin =
n⊗
i=1
ρˆi, (29)
where,
ρˆi =
q∑
j=1
pi,jAˆ
†
ψi,j
|0〉〈0|Aˆψi,j , (30)
where ψi,j is the spectral distribution function of the jth
term in the mixture of the ith photon.
The probability that for the whole n-photon state, the
ith photon is in the jith spectral state is given by,
n∏
i=1
pi,ji , (31)
and the respective sampling probability follows from Eq.
18 as
P~ψ(
~S)
n∏
i=1
pi,ji , (32)
where ~ψ = {ψj1 , . . . , ψjn}. Now the total probability of
measuring a given output configuration is given by sum-
ming this expression over all combinations of components
in the input mixture,
P (~S) =
q∑
j1,...,jn=1
P~ψ(
~S)
n∏
i=1
pi,ji , (33)
which requires summing over qn amplitudes, which
clearly grows exponentially in n, except in the trivial case
where all photons are spectrally pure and thus contain
only a single term in Eq. 30.
V. CONCLUSION
We have generalized the boson-sampling model to pho-
tons of arbitrary spectral structure. We found that while
in ordinary boson-sampling with indistinguishable pho-
tons each amplitude is related to a matrix permanent, in
general the amplitudes are linear combinations of prod-
ucts of functions of permanents. Our result reduces to
the usual boson-sampling permanent result when pho-
tons are indistinguishable, and also verifies that with dis-
tinguishable photons boson-sampling is computationally
easy, an expected outcome. Specifically, for indistinguish-
able photons the measurement probabilities are given
by |Per(U ′)|2, where U ′ is a submatrix of U , whereas
for distinguishable photons they are given by Per(|U ′|2).
The former is computationally hard, whereas the lat-
ter is computationally easy to approximate. In the in-
termediate regime, our results demonstrate the relation-
ship between photonic states and functions of perma-
nents, which sheds light on the question of their compu-
tational complexity. Our results apply for general detec-
tor models, whereby the detectors are either spectrally-
resolving or blind to the spectral structure of photons. We
demonstrated that in both detector regimes, our model
reproduces expected Hong-Ou-Mandel two-photon inter-
ference effects.
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